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Several membrane models described in the literature have been proposed 
to simulate the performance of ceramic membranes [9, 10]. Mathematical 
models are an essential tool for studying the performance of several 
membranes and estimating the performance of the membrane under variable 
operating conditions [10–15]. Two model categories are applied in the 
literature: (1) lumped parameter model and (2) mechanistic model (membrane 
transport model) [9]. 

The mechanistic model assumes that the thin top skin of asymmetric 
membranes or composite membranes is at equilibrium during the membrane 
diffusion process [10]. The mechanistic model can be further divided into a 
nonporous or homogenous membrane, irreversible thermodynamics, and pore 
models [11, 12]. The nonporous model category assumes that the membrane 
is nonporous and diffusion is the mechanism by which ion transport occurs. 
The pore model presumes that ion transport occurs via the membrane barrier 
layer. The lamped parameter models are more appropriate for developing a 
model for control applications operating under transient state conditions or 
when the membrane is operating at a steady-state [13–18]. The nonporous 
model’s category includes different models similar to the solution-diffusion 
models. The solution-diffusion models presume that both solvent and solute 
are diffusing through the membrane [30, 31].  

The solution-diffusion model was developed assuming diffusion of both 
solvent and solute, and five assumptions should be considered while using 
such a model [14, 32]. This category of models can be applied for organic and 
inorganic solutes especially for low water content membranes due to the poor 
prediction of the water flux [15, 33]. The solution-diffusion models do not 
take into account the effect of membrane layer defects and imperfections and 
do not explain the solute rejection [16, 34]. 

To overcome the solution-diffusion models' limitations, Sourirajan [17] 
established the pore-diffusion model, assuming that the membrane has a 
micro-porous structure. The viscous flow through uniform membrane pores is 
dominated by the solvent transportation mechanism. The membrane barrier 
layer repels solutes and absorbs solvents. Solute transport occurs as a result of 
diffusion and convection. However, Alexiadis et al. [18] observed that the 
effect of operating pressure may lead to a remarkable error in the pore-
diffusion model. Alexiadis et al. [18] determined that inconsistency between 
experimental lab results and the model increased as the operating pressure 
increased, which is attributed to the effects of pressure on membrane structure 
that may lead to membrane compaction. A better agreement between the 
model and the experimental results can be achieved by optimizing the model 
parameters despite the operating pressure value.  

The factorial design of experiments can be used to ensure an 
experimental study that is conclusive for the factors under consideration [13–
18]. Using the factorial design will enable data processing with the aim of 
developing mathematical relationships between the dependent and the process 
parameters. The factorial design was used in our study to develop a 
mathematical relationship between the different parameters considered during 
membrane production. These relationships can provide a valuable 
understanding of the effects of each parameter [19]. 

A mathematical model was used to study ceramic membrane 
manufacturing [9, 14]. The experimental work was conducted according to 
the factorial design of experiments, and the experimental results were used to 
develop a mathematical model [15–18]. In this work, factorial design 
software was used for experimental design to determine the optimum 
fabrication conditions for nano-ceramic membranes that were prepared from 
waste powder generated in the ceramic industries. Additionally, the 
mathematical model for the membrane performance was investigated to 
compare the experimental results with predicted results from the model.  

 
 

2. Methods and Experimental Work 
 
2.1. Experimental model design for ceramic membranes fabrication using 
factorial design 
 

A (33) factorial design (FD) was used to study the effect of verification 
parameters on the prepared membrane properties, including apparent porosity, 
apparent specific gravity, water absorption, and density [20, 21]. The 
independent parameters were varied at three different levels. Four properties 
of the produced ceramic membranes were measured as a response to the 
variation of the independent parameters. A full factorial design was developed 
by considering several parameters: (1) firing time (t), (2) polyvinyl alcohol 
(PVA) concentration, and (3) firing temperature (T). The parameters values 
under study and the detailed experimental plan are shown in Table 1.  

Each property value of the developed membrane can be calculated using 
a four terms polynomial as a function of firing time, PVA concentration, and 

firing temperature (Equations 14). Using the least-square methods, the 
model parameters were fitted by minimizing the error between the model 
predictions and the experimental data. Equations 1–4 coefficients were fitted 
by comparing the experimental results with the equations’ prediction. By 
changing the values of the coefficients to minimize the square error of the 
discrepancy between lab-observed values and model prediction, the optimum 
coefficients’ values could be determined. The least-square method was used 
to approach the optimum fitting by minimizing the sum of the residual sum of 
squares for each equation [22, 23]. The resulting equations and statistical 
analysis for each equation are shown below: 

The water absorption (WA) of the prepared ceramic membrane can be 
calculated from Equation (1).  

 
Water Absorption (WA, %) = 142.4 – 0.425 t – 0.4124 PVA – 0.092 T (1)

 
where t is the firing time (h), PVA is the PVA Concentration (%), and T 

is the temperature (˚C).  
 
The apparent porosity (P) of the prepared ceramic membrane can be 

calculated from Equation (2).  
 

Apparent Porosity (P, %) = 151.84 – 0.8144 t – 0.33 PVC – 0.0844 T  (2) 
 
The bulk density (BD) of the prepared ceramic membrane can be 

calculated from Equation (3).  
 

Bulk Density (BD, g/cm3) = -2.75 + 0.00185 t + 0.0164 PVC + 0.00357 T  (3) 
 
The apparent specific gravity (SG) of the prepared ceramic membrane 

can be calculated from Equation (4).  
 

Specific Gravity (SG) = 1.155 – 0.037 t + 0.00715 PVC + 0.00162 T  (4) 
 

2.2. Membrane performance mathematical model 
 

The ceramic membrane can be applied in water treatment and 
desalination [24, 25]. The mathematical model for the dead-end mode 
desalination test was investigated and established according to a set of 
experimental data collected in our lab [26, 27]. 

This model was developed to study reverse osmosis (RO) in the ceramic 
membrane. The model assumptions and equations are shown below: 

 The RO membrane structure is nonporous, and the surface layer is 
homogenous. 

 The solvent dissolves in and diffuses through the surface layer. 
 The diffusion of the solvent and solute are uncoupled, which is 

attributed to the existence of a chemical potential gradient through the 
membrane. 

 The chemical potential gradient is a function of pressure difference 
through the membrane and concentration. 

 The solution on the two membranes sides is homogenous, and the 
solute is uniformly mixed, so no active diffusion takes place within one 
side. 

 
Fick’s law can be used to calculate the diffusion of the solvent (Jw) [28]: 
 

  
(5) 

 
where, 𝐷ௐ௠ is the solvent diffusivity (water diffusivity: 3E-8 m2/s) and 𝐶ௐ௠ 
is the solvent concentration through the membrane is a function of the 
solvent’s (water) chemical potential (𝜇ௐ). 

 
Osmotic pressure () can be determined from the following equation 

[10]: 
 

  
(6) 

 
where, ∅ is the seawater osmotic pressure coefficient (∅ =2), 𝑛 is the 
dissolved solute number of moles 𝑣 is the volume of the mixer, 𝑅௚ is the 
universal gas constant (0.00831 L.bar/kmol) and T is the temperature.  
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The rejection ratio (R) can be determined from the following Equation: 
 

 

(7) 

 
where, 𝐶௉ is the permeate sides solute concentration, and 𝐶௙ is the feed side 
solute concentration. 

 
Finally, the water and solute fluxes can be calculated using the following 

Equations respectively [10]: 
 

  
(8) 

 

 
(9) 

 
where, A and B are two parameters used to characterize the system, 𝐾ଵ and 𝐾ଶ 
are experimentally fitted parameters, and ∆𝑃 is the pressure difference across 
the membrane. 

 

 

 
Table 1 
A (33) factorial design for verification parameters. 
 

Number 

Time (t), h PVA Concentration, % Temperature (T), ˚C 

- * + - * + - * + 

1 2 3 3 4 5 1200 1250 1300 

Coded units for factors The average response from duplicate runs 

t PVA T Bulk Density (g/cm3) Apparent Porosity (%) Water Absorption (%) Apparent Specific Gravity 

1 - - - 1.614 44.98 27.86 2.93 

2 - - * 1.64 46.54 28.32 3.07 

3 - - + 1.92 39.74 20.69 3.18 

4 - * - 1.671 45.96 27.49 3.09 

5 - * * 1.72 46.56 26.94 3.23 

6 - * + 1.96 38.27 19.44 3.19 

7 - + - 1.63 46.66 28.47 3.07 

8 - + * 1.67 45.78 27.29 3.09 

9 - + + 2.05 42.04 20.50 3.53 

10 * - - 1.64 48.39 29.50 3.18 

11 * - * 1.69 46.42 27.34 3.16 

12 * - + 1.90 36.16 19.01 2.97 

13 * * - 1.66 44.85 26.96 3.01 

14 * * * 1.69 46.30 27.31 3.15 

15 * * + 2.11 38.41 18.18 3.43 

16 * + - 1.65 44.72 27.00 2.99 

17 * + * 1.69 46.57 27.49 3.17 

18 * + + 2.09 39.66 18.91 3.47 

19 + - - 1.60 48.31 30.12 3.10 

20 + - * 1.70 49.17 28.79 3.36 

21 + - + 1.98 33.83 17.05 2.99 

22 + * - 1.69 47.10 27.76 3.20 

23 + * * 1.69 43.95 25.94 3.02 

24 + * + 2.06 37.34 18.08 3.29 

25 + + - 1.65 45.60 27.61 3.03 

26 + + * 1.59 41.41 25.96 2.72 

27 + + + 1.948 35.14 18.04 3.00 

 
 

 
3. Results and Discussions 
 
3.1. Water absorption 

 
The water absorption of the prepared ceramic membrane results predicted 

by factorial design software and compared to results from this experimental 
work [21–28] indicated good matching as shown in Fig. 1. 

Fig. 1 shows the parity plot as a comparison between experimental and 
calculated (Equation 1) water absorption of the prepared membrane. Fig. 1 
indicates that Equation 1 can predict the ceramic membrane water absorption 
under different preparation conditions, including time, PVA%, and firing 
temperatures.  

The prepared samples were fired at different conditions by varying the 
soaking time, PVA%, and temperatures. The results indicated that water 
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absorption increases with increasing the firing temperature up to 1200°C, 
which is attributed to the increased membrane porosity. Increasing the 
temperature further, sintering plays a role in leading to lower porosity as 
indicated by water absorption decrease. PVA is expected to decompose below 
500°C which explains the limited effect of PVA% on the porosity. The results 
indicated that firing temperature is the dominant factor in water absorption. 
Soaking for more than one hour did not have any effect on water absorption.  

On the other hand, the regression analysis and analysis of variance 
(ANOVA) for parameter fittings and statistics for Equation 1 are presented in 
Tables 2 and 3, respectively. From these tables, the statistical analysis shows 
a reasonable R2 and a reasonable F value that is much higher than the 
significant F value, which confirms that Equation 1 can be used for 
calculating water absorption within the experimental range in this study [29]. 

The FD model solution of membrane water absorption as a function of 
firing time and firing temperature at 5% PVA (as an example) is presented in 
Fig. 2. The model shows the contour graph (a) and (b) the 3D response 
surface plot model solution of water absorption using 5% PVA. To avoid 
redundancy, figures corresponding to PVA concentrations of 2% and 3% 
were not reported since their results were very similar to those previously 
mentioned. The model results indicated that increasing firing temperature 
may lead to a decrease in membrane water absorption. Temperature is the key 
parameter for inducing the amount of water absorption. That finding agrees 
with the experimental results in which water absorption increased up to about 
1200°C. While a further increase in temperature may lead to a drop in water 
absorption.  

 
 

 
 

Fig. 1. Experimental and predicted water absorption. 
 
 

 

 
 
Table 2 
Regression analysis for Equation (1). 
 

Regression Analysis 

Multiple R 0.88 

R Square 0.78 

Adjusted R Square 0.75 

Standard Error 2.16 

Observations 27 

 
 

Table 3 
ANOVA table for parameters fitting and statistics of Equation (1). 

 

 df SS MS F Significance F 

Regression 3 388.20 129.40 27.68 8.21E-08 

Residual 23 107.50 4.67   

Total 26 495.71    
 

 
3.2. Apparent porosity 

 
The predicted apparent porosity of the ceramic membrane using Equation 

2 agrees well with the experimental work, as shown in Fig. 3. 
Fig. 3 shows a comparison between experimental and predicted apparent 

porosity of the prepared membrane using Equation 2. Fig. 3 indicates that 
Equation 2 can predict the membrane apparent porosity under different 
preparation conditions, including time, PVA%, and firing temperature. 

The effect of temperature, soaking time, and PVA% showed on the 
apparent porosity a trend similar to that observed with water absorption. The 
maximum porosity was 47-48%, observed at a firing temperature of 1200°C. 
The minimum porosity was 33%, observed at a firing temperature of 1300°C 
and a soaking time of 3 h. The results indicated that soaking time has less 
effect on the apparent porosity compared to the firing temperature as observed 
with the water absorption.  

Alternatively, Tables 4 and 5 display the regression analysis and 
ANOVA for parameter fitting and statistics for Equation 2, respectively. 
From these tables, the statistical analysis shows an R2 of 0.65 and an F value 
of 14.65 compared to a significant F value of 1.57–5, confirming that Equation 
2 can be used for calculating apparent porosity within the experimental range 
under study. 

Also, the FD model solution of membrane porosity as a function of firing 
time and firing temperature at 5% PVA (as an example) is presented in Fig. 4. 
The model shows the contour graph (a) and (b) 3D response surface plot 
model solution of membrane porosity using 5% PVA. To avoid redundancy, 
results with PVA concentrations of 3% and 4% were not reported. However, a 
trend similar to those previously mentioned with 5% PVA was observed at 
both of these concentrations. The model results indicate that increasing firing 
temperature caused a reduction in porosity, similar to the experimental results 
indicating a good agreement between the model prediction and the 
experimental results. 

 

3.3. Bulk density 
 
Fig. 5 shows the bulk density of the prepared ceramic membrane results 

that were predicted by the factorial design software model and compared with 
results from experimental work for the parity plot, which indicated good 
matching. The two plots indicate that Equation 3 could be used to foresee the 
ceramic membrane bulk density under different preparation conditions, 
including firing time, PVA concentration, and firing temperature.  

The bulk density of the membrane is a function of the total porosity of 
the body and the membrane's true density. The true density does not change 
significantly during firing. The membrane porosity is inversely proportional 
to the bulk density. The firing temperature is the dominant factor in the bulk 
density. The maximum bulk density was 2.05 g/cm3, observed at 1300°C. The 
experimental results indicated that soaking time and PVA% do not affect the 
bulk density.  

Otherwise, Tables 6 and 7 present the regression analysis and ANOVA 
for parameter fitting and statistics for Equation 3. From these tables, the 
statistical analysis yielded 0.75 for R2 and 23.38 for F value compared to a 
significant F value of 3.59–5, a finding that confirms that Equation 3 can be 
used correctly for calculating apparent porosity within the experimental range 
under study. 

Furthermore, the FD model solution of membrane bulk density as a 
function of soaking time and firing temperature at 5% PVA (as an example) is 
presented in Fig. 6. It illustrates the contour graph (a) and (b) 3D response 
surface plot model solution of membrane bulk density using 5% PVA. The 
model results indicate that increases in firing temperature led to an increase in 
bulk density. Our experimental results also indicated bulk density reached a 
maximum value of 2.05 g/cm3 at a firing temperature of 1300°C. 
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3.4. Apparent specific gravity 
 

The apparent specific gravity of the ceramic membrane as predicted by 
Equation 4 agrees with the experimental results, as shown in Fig. 7 that 
indicates that Equation 4 can predict the ceramic membrane's apparent 
specific gravity under different preparation conditions, including different 
PVA%s, firing times, and temperatures. 

The firing temperature was found to have the largest effect on the 
membrane-specific gravity. Also, the binder concentration does not affect the 
membrane-specific gravity, while the soaking time has a minimum effect. 

Moreover, the regression analysis and ANOVA for parameter fittings and 
statistics for Equation 4 are presented in both Tables 8 and 9, respectively. 

From these tables, the statistical analysis yielded an R2 of 0.17 and an F value 
of 1.66 compared to a significance F value of 0.2, which confirms that 
Equation 4 can be used for calculating apparent specific gravity value as an 
indication within the experimental range understudy with low precision. 

Also, Fig. 8 shows the FD model solution of membrane-specific gravity 
as a function of firing time and firing temperature at 5% PVA (as an 
example). The figure illustrates the contour graph (a) and (b) 3D response 
surface plot model solution of membrane specific gravity at PVA 5%. The 
model results indicate that increasing the firing temperature caused an 
increase in specific gravity.

 

 

  
(a) (b) 

Fig. 2. FD model solution of membrane water absorption as a function of firing time and firing temperature at 5% PVA, where: (a) contour graph; and (b) 

three-dimension response surface plot. 

 

 
 
 

Fig. 3. Experimental and predicted apparent porosity. 
 

 
Table 4 
Regression analysis for Equation (2) 

 

Regression Analysis 

Multiple R 0.81 

R Square 0.65 

Adjusted R Square 0.61 

Standard Error 2.76 

Observations 27 
 

Table 5 
ANOVA table for parameters fitting and statistics of Equation (2). 

 

 df SS MS F Significance F 

Regression 3 334.82 111.60 14.56 1.57E-05 

Residual 23 176.29 7.66   

Total 26 511.12    
 

 




